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We study the fusion reactions of the 72Ge + 72Ge and 74Ge + 74Ge systems in terms of the full order coupled-
channels formalism. We obtain the fusion excitation function as well as the fusion barrier distribution of these
reactions using the coupling matrix suggested from the recent Coulomb excitation experiments. We compare
those results with the results obtained by the coupling matrix based on the pure vibrational and rotational models.
The barrier distribution for the 74Ge + 74Ge reaction obtained with the experimental coupling matrix is in good
agreement with that obtained with the vibrational model, in contrast to the rotational model. On the other hand,
the calculations for 72Ge + 72Ge system show that the fusion barrier distribution obtained with the experimental
coupling matrix significantly differs from those obtained with vibrational and rotational models. Our study
indicates that the shape of 74Ge is closer to spherical than to deformed, while 72Ge has a shape admixture in its
ground state, which can be described by neither the vibrational nor the rotational models, as suggested by the
Coulomb excitation experiments. This finding will resolve the debates concerning the structure of these nuclei.
DOI: 10.1103/PhysRevC.81.044609 PACS number(s): 24.10.Eq, 25.60.Pj, 27.50.+e
I. INTRODUCTION
It is now well established that the heavy-ion fusion reaction
at energies near and below the Coulomb barrier is very
sensitive to the structure of the colliding nuclei. In particular,
the collective excitations (rotations and surface vibrations),
neck formation, and/or nucleon transfer strongly influence the
fusion cross section for intermediate mass systems [1–4]. The
coupled-channels calculations [1,3,4] for the high-precision
experimental data [2,5] of fusion reactions show that the
structure of the colliding nuclei can be probed through the
analysis of the so-called fusion barrier distribution which is
defined as the second derivative of the product Eσfus(E), σfus
being the fusion cross section, with respect to the center-of-
mass energy E, that is, Dfus = d2(Eσfus)/dE2 [6]. In addition
to the conventional Coulomb excitation method, this method
has been shown to provide an alternative useful means for
determining the structure of nuclei.
In this paper, we study the 72Ge + 72Ge and 74Ge + 74Ge
fusion reactions with a coupled-channels approach in order
to probe the structure of 72,74Ge nuclei. This is motivated
by the existence of debates concerning the structure of Ge
isotopes. For example, the low-lying energy spectrum of the
74Ge nucleus [7] shows that its first excited state is a 2+
state with the excitation energy 0.595 MeV and there exist
excited 0+2 , 2
+
2 , and 4
+
1 states at energies nearly twice as high
as that of the first 2+ state suggesting two phonon members.
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There also exists a low-lying 3− state at energy 2.54 MeV.
These facts indicate that 74Ge is a spherical nucleus, which is
soft against deformation. A theoretical study of Ge isotopes
by Dobaczewski et al. [8] using the Skyrme Hartree-Fock
method also shows that the 74Ge has a spherical shape. The
same conclusion is obtained also by the relativistic mean field
calculations of Sharma et al. [9].
On the other hand, a series of experiments of Coulomb
excitation [10–13] give an alternative point of view. They
suggest that two different shapes coexist in the low energy
region in each Ge isotope and that the shape of the ground
state changes from a spherical shape to a deformed shape
as the neutron number increases. The 74Ge is a transitional
nucleus where the experimental ratio of B(E2, 4+1 →
2+1 )/B(E2, 2
+
1 → 0+1 ), B(E2, 2+1 → 2+1 )/B(E2, 2+1 → 0+1 ),
and B(E2, 0+2 → 2+1 )/B(E2, 2+1 → 0+1 ) are 1.3, 0.84, and
0.30, respectively, in disagreement with the vibrational model
which predicts all of these ratios to be 2 [12]. The 72Ge is
suggested to have a large shape admixture [13].
The idea of the shape transition has been tested
through the analysis of the fusion excitation functions of
16O,27Al + 70,72,73,74,76Ge reactions [14,15]. Based on the
analysis using the simplified coupled-channels code CCFUS,
the authors claim that the shape changes from a spherical (or
oblate) shape in 70,72,73Ge to a prolate shape in 74,76Ge. In
Ref. [16], Esbensen has performed a more detailed coupled-
channels calculations for the fusion excitation functions
for the 16O,27Al + 70,72,74,76Ge reactions and obtained the
results that the phonon coupling model yields a smaller χ2
value than the rotational coupling model for 74Ge while the
rotational coupling is preferred for 72Ge. He also concluded
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that the quadratic coupling is required to obtain a good
agreement between the coupled-channels calculations and the
experimental data. Recently, Esbensen also analyzed the fusion
excitation function of 74Ge + 74Ge reaction, and again claims
that the vibrational coupling model gives a smaller χ2 value
and that the inclusion of multiphonon excitations improves
the agreement between theory and experiments [17,18].
Another interesting related analysis has been reported by
Aguiar et al. [19]. They performed a systematic analysis of
the so-called asymptotic energy shift, which is used as a
measure of the enhancement of the fusion cross section at
energies below the Coulomb barrier, for many systems along
the periodic table. They found that the asymptotic energy shift
for the 74Ge + 74Ge reaction significantly deviates from the
systematics. It resembles the case for 40Ar + 154Sm system,
whose large deviation from the systematics is probably caused
by the coupling to the ground state rotational band of the target
nucleus 154Sm. The study of Aguiar et al. suggests either
the structural resemblance of 74Ge to 154Sm, i.e., that 74Ge
is deformed, or the important role played by the dynamical
deformation as argued in Ref. [20].
In this paper, we carry out detailed full order coupled-
channels calculations for the 74Ge + 74Ge reactions and
discuss the shape of 74Ge nucleus through the analysis of
the fusion barrier distribution. The possibility of probing the
shape admixture in 72Ge will also be discussed by analyzing
the fusion barrier distribution for the 72Ge + 72Ge reactions.
The preliminary results of this study have been published as
a conference report in Ref. [21]. In this paper, we extend the
calculations in Ref. [21] by enlarging the model space with
respect to the partial wave sum and also by including the
effects of higher levels such as the three-phonon quadrupole
excitations of 74Ge.
The paper is organized as follows. We explain the
parametrization for the interaction between two nuclei in
Sec. II. The results of coupled-channels calculations are given
in Sec. III. We summarize the paper in Sec. IV.
II. PARAMETRIZATION OF THE INTERACTION
In performing the coupled-channels calculations, we in-
troduce the no-Coriolis (the isocentrifugal) approximation
to reduce the dimension of coupled-channels calculations
[1,22–24]. Following Ref. [24], the coupling part of the total
nucleus-nucleus interaction is given by
Vcoup(r, ÔλP , ÔλT ) = VC(r, ÔλP , ÔλT ) + VN (r, ÔλP , ÔλT ),
(1)
VC(r, ÔλP , ÔλT ) =
[
3RλPP ÔλP








VN (r, ÔλP , ÔλT ) =
−V0{




1 + exp[ r−R0
a
]} . (3)
TABLE I. The depth parameters of the nuclear potential for
the 74Ge + 74Ge and 72Ge + 72Ge systems. The radius and the
diffuseness parameters are taken to be r0 = 1.14 fm and a = 0.63
fm, respectively, for both systems. The resultant Coulomb barrier
height VB in MeV is also listed.
System V0 (MeV) VB (MeV)
74Ge + 74Ge 147.5 121.70
72Ge + 72Ge 145.5 122.80
Here, r is the distance between the center of mass of the
projectile and target nuclei. ÔλP and ÔλT are the excitation
operators in the projectile and target nuclei with multipolarity
λ(P,T ), respectively. RP and RT denote the coupling radii of
the projectile and target nuclei, respectively. The R0 is taken
to be r0(A
1/3
P + A1/3T ). The second term on the right-hand side
of Eq. (3) is the bare nuclear potential. It is subtracted in order
to avoid double counting.
We apply this formalism to performing the coupled-
channels calculations for the 74Ge + 74Ge and 72Ge + 72Ge
fusion reactions. The numerical calculations are performed
based on the CCFULL computer code [24]. We consider only
the quadrupole coupling λ = 2 and determine the matrix
elements of the operator Ôλ(P,T ) in Eqs. (2) and (3) either
from the experimental data of Coulomb excitation [12,13]
or based on the collective vibrational or rotational coupling
models [24]. We use the standard value for the diffuseness
parameter, a = 0.63 fm, [25–28] and take the radius parameter
to be r0 = 1.14 fm. We adjust the depth parameter V0 to
reproduce the Coulomb barrier height given by Akyüs-Winther
potential [25,26]. The resultant value of the depth parameter
and the Coulomb barrier height are listed in Table I. The
coupling radii of the projectile and target nuclei are taken
to be RP = 1.2A1/3P and RT = 1.2A1/3T , respectively.
III. COUPLED-CHANNELS CALCULATIONS
A. Probe of the structure of 74Ge nucleus
We now present the results of our coupled-channels calcu-
lations. We start from the discussion of the fusion between two
74Ge nuclei. Our interest is to examine whether the analysis of
the fusion cross section can reveal the structure of 74Ge. The
matrix elements of the coupling operator Ôλ(P,T ) in Eqs. (2) and






0.0 1 0.102 0.0 0.0
1 0.243 −0.489 0.827 0.253
0.102 −0.489 −0.316 0.046 0.0
0.0 0.827 0.046 ? 0.0




with the quadrupole deformation parameter β2 = 0.284 for the







0+2 . In Eq. (4) and in the following the question marks and ⊗ in
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the experimental coupling matrices mean the absence of data.
In this paper, we set them to zero.































in order to compare with that for the harmonic vibrational
model truncated by the two phonon states. The underlined
numbers are the multiplication factors which are required to
reproduce the experimental matrix elements given by Eq. (4).









7 × 0.380 67 × 0.965
0.0 67 × 0.965 ⊗
⎤
⎥⎦ (6)
in order to compare with the rotational coupling model
including the first three states 0+1 , 2
+
1 , and 4
+
1 . Similarly to
Eq. (5), the underlined numbers represent the modification
factors from the pure rotational coupling model. Equations (5)
and (6) clearly show the transitional property of 74Ge nucleus.
Particularly, the reorientation matrix element in Eq. (6) is only
about 38% of the pure rotational model.
Let us first discuss the results of two-level calculations,
where the coupling to the intrinsic excitation of the projectile
and target nuclei is truncated by the first excited 2+ state.
Figure 1(a) shows the excitation function of the fusion cross
section, while Figure 1(b) the fusion barrier distribution. The
solid line is for the first (2 × 2) experimental coupling matrix
given in Eq. (4), in which TS stands for “transitional structure.”
The dotted and dashed lines are for the pure vibrational and
rotational models, respectively. The dot-dashed line is the
result when both the target and projectile are assumed to be
inert.
The excitation function of the fusion cross section obtained
with the experimental coupling matrix resembles that for the
rotational model at energies below Ec.m. = 115 MeV, while
it resembles that for the pure vibrational model for energies
between Ec.m. = 115 MeV and Ec.m. = 130 MeV. At energies
above Ec.m. = 130 MeV, all the three calculations give similar
results. Therefore, within the two level calculations, the fusion
excitation function can hardly judge which of the vibrational or
the rotational models better describes the structure of 74Ge. The
situation does not change for the fusion barrier distribution.
The fusion barrier distribution for the experimental coupling
matrix has similar structure to that for both the vibrational and
rotational models. It is shifted by nearly the same amount of
energy from that for both the vibrational and the rotational
models.
We next compare in Fig. 2 the results of coupled-channels
calculations using the full five-dimensional experimental
coupling matrix of Eq. (4) (solid line) with those obtained in the
pure vibrational model truncated by the double phonon states
(dotted line), and with those for the ground state rotational
coupling model truncated at the 4+ member (dashed line).
Figures 2(a) and 2(b) show the excitation function of the fusion
cross section and the fusion barrier distribution, respectively.
The interrelation among the three calculations remain qualita-









































FIG. 1. Comparison of (a) the excitation function of the fusion
cross section and (b) the fusion barrier distribution for the 74Ge + 74Ge
reactions obtained with three different two-level calculations. The
solid line is obtained with the experimental coupling matrix (“TS”
stands for “transitional structure”), while the dotted and the dashed
lines are with the pure vibrational and rotational models, respectively.
The dot-dashed line is for the one dimensional calculation. Experi-
mental data are taken from Ref. [29].
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FIG. 2. Comparison of (a) the excitation function of the fusion
cross section and (b) the fusion barrier distribution for the 74Ge + 74Ge
reactions calculated in different models. The solid line is obtained by
using the full five-dimensional experimental coupling matrix given
in Eq. (4). The dotted line is obtained for the pure vibrational model
including up to the double phonon states, while the dashed line for
the rotational model including the coupling up to 4+ member of
the ground state rotational band. Experimental data are taken from
Ref. [29].
the excitation function of the fusion cross section, though they
appear to have become closer to each other. On the other hand,
the fusion barrier distribution clearly shows that the vibrational
model agrees much better than the rotational model with the
experiments, i.e., the fusion barrier distribution obtained in the
vibrational model agrees much better than that in the rotational
model with the fusion barrier distribution obtained by using
the experimental coupling matrix.
It has been shown in Refs. [17,18] that the inclusion
of the coupling to the triple quadrupole phonon states in
the coupled-channels calculations in the vibrational model
significantly improves the agreement with the experimental
data of the fusion cross section of two 74Ge nuclei at energies
near and below the Coulomb barrier. Therefore, here we
examine the effects of this coupling on the fusion cross section
and on the fusion barrier distribution. The results are given
by the dotted line in Figs. 3(a) and 3(b) for the excitation
function of the fusion cross section and the fusion barrier
distribution, respectively. For comparison, we also show the
results of the rotational coupling model when the coupling up
to 6+ state is taken into account by the dashed line. The solid
line is the same as in Fig. 2. We observe that the vibrational
coupling model better agrees than the rotational model with
the experimental coupling model concerning the excitation








































FIG. 3. The same as Fig. 2 but when the coupling up to the triple
quadrupole phonon states in the vibrational model and the coupling up
to the 6+ member of the ground state rotational band in the rotational
coupling model are taken into account. Experimental data are taken
from Ref. [29].
the Coulomb barrier, which locates at VB = 121.7 MeV, except
for the energy region far below the Coulomb barrier. This
reflects clearly also on the fusion barrier distribution. The good
agreement of the fusion barrier distribution in the vibrational
model with that for the experimental coupling demonstrated
in Fig. 2(b) has been even more improved by the inclusion
of the triple quadrupole phonon coupling. We have confirmed
that, on the other hand, the poor agreement of the fusion barrier
distribution in the rotational coupling model with that obtained
by the experimental coupling matrix is not improved even if
the coupling to the 8+ state is included. To be consistent with
the conclusion in [17,18], these results favor a spherical shape
more than a deformed shape for the ground state of 74Ge,
although the actual coupling scheme is quite complicated and
transitional.
It is well known that low-lying octupole excitations play
an important role in sub-barrier fusion for many systems
[5,30–32]. The octupole excitation, 3− state, of 74Ge has
the excitation energy of 2.54 MeV with the octupole de-
formation, β3 = 0.145 [33]. Therefore, we also perform the
coupled-channels calculations by including simultaneously the
octupole coupling and the quadrupole excitations given by
Eq. (4), although Eq. (4) was determined without considering
the octupole excitation. The results are shown by dashed line
in Figs. 4(a) and 4(b) for the fusion cross section and the
fusion barrier distribution, respectively. The agreement with
experimental fusion cross section is improved as compared
with the results given by the experimental coupling matrix
of Eq. (4) alone (solid line). A further improvement might
044609-4









































FIG. 4. Effect of octupole excitation on (a) the fusion excitation
function and (b) the fusion barrier distribution for the reaction
between two 74Ge nuclei. The solid line is the same as Fig. 2. The
result of calculations which include the octupole vibration together
with the experimental coupling of Eq. (4) is denoted by the dashed
line and that with the pure double quadrupole couplings by the dashed
line. The dotted-dashed line is the same as in Fig. 1. Experimental
data are taken from Ref. [29].
be achieved if the effect of dynamical deformation argued
in Ref. [20] is taken into account. For comparison, we also
show the results of pure vibration model when the coupling
to octupole excitation is taken into account in addition to the
double quadrupole phonon couplings (the dotted line). The
resultant fusion barrier distributions are qualitatively similar
to those shown in Figs. 2 and 3. Our conclusions in Figs. 2 and
3 thus remain unchanged even with the octupole excitation. We
have checked that the situation remains the same even if the
coupling to the triple quadrupole phonon states together with
the octupole phonon excitation is taken into account. These
results strongly suggest that 74Ge has a spherical shape in its
ground state.
B. Probe of shape admixture in the ground state of 72Ge nucleus
We now discuss the effects of the shape admixture in 72Ge
which has been discussed in Ref. [13]. Reference [13] argues
that the ground state 0+1 , the first excited 0
+ state, 0+2 , at
0.70 MeV, the first 2+ state, 2+1 , at 0.83 MeV and the third
2+ state, 2+3 , at 2.40 MeV are admixtures of two different
shapes,
|0+1 〉 = α|0+n 〉 +
√
1 − α2|0+i 〉, (7)
|0+2 〉 =
√
1 − α2|0+n 〉 − α|0+i 〉, (8)
|2+1 〉 = β|2+n 〉 +
√
1 − β2|2+i 〉, (9)
|2+3 〉 =
√
1 − β2|2+n 〉 − β|2+i 〉, (10)
where the indices n and i stand for normal and intruder,
respectively. According to Ref. [13], α = 0.784, β = 0.996,
and the normal and the intruder states are deformed and al-
most spherical, respectively. The corresponding experimental





0.0 0.0 1 0.025
0.0 0.0 0.781 0.140
1 0.781 ? 0.0
0.025 0.140 0.0 ?
⎤
⎥⎥⎥⎦ (11)
with β2 = 0.242 when the energy levels are arranged in the




1 , and 2
+
3 states.
We have calculated the fusion cross section and the fusion
barrier distribution for the 72Ge + 72Ge reactions by assuming
the coupling matrix given by Eq. (11). The results are shown
by the solid lines in Fig. 5 (“SA” stands for “shape admixture”).
The dotted lines are obtained with the pure vibrational model
truncated by the one phonon state. The dashed lines denote
the results of the pure rotational model truncated by the 2+
member of the ground state rotational band. The dot-dashed
lines represent the results of one dimensional calculation.
Neither the vibrational model nor the rotational model can






































FIG. 5. Comparison of (a) the fusion cross section and
(b) the fusion barrier distribution obtained with different models for
72Ge + 72Ge reactions. The dotted and dashed lines are obtained by the
two-channel calculations with the vibrational and rotational models,
respectively. The solid line is obtained by assuming the coupling
matrix given in Eq. (11) (“SA” stands for “shape admixture”). The
dot-dashed line is the result of one dimensional calculation.
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experimental coupling Eq. (11) over the whole energy region.
The rotational model reproduces the fusion excitation function
predicted by the experimental coupling (solid line) at energies
below Ec.m. = 118 MeV better then the vibrational coupling.
For energies between Ec.m. = 118 MeV and Ec.m. = 130 MeV,
on the other hand, the vibrational model works better, i.e., the
vibrational model reproduces the fusion excitation function
predicted by the experimental coupling (solid line) better than
the rotational model. The fusion excitation functions of all
the three calculations merge at high energies, i.e., for energies
above Ec.m. = 130 MeV, as expected. The difference among
the three calculations can be seen clearly also in the fusion
barrier distributions.
Although Fig. 5(b) seems to suggest that the analysis of
fusion reactions is promising to probe the shape admixture in
72Ge, one has to examine whether the significant difference of
the fusion barrier distribution among different models persists
even after one takes higher levels into account. In order to
learn the situation, we extended calculations by including
the coupling up to double quadrupole phonon states in the
vibrational model. The results are given by the dotted lines in
Fig. 6. The rotational coupling model has also been extended
to include the coupling up to the 4+ state, and the results are
given by the dashed lines in Fig. 6. The solid lines are the same
as in Fig. 5.
The fusion excitation function and the fusion barrier distri-
bution calculated in the vibrational and the rotational model,
especially those by the latter, now agree somewhat better
with those predicted by the experimental coupling matrix






































FIG. 6. The same as Fig. 5, but when the vibrational model is
extended to include up to two phonon states, and the rotational
coupling model up to the 4+ member of the ground states rotational






































FIG. 7. The same as Fig. 6, but when the coupling up to the triple
quadrupole phonon states for the vibrational model and the coupling
up to the 6+ member of the ground state rotational band for the
rotational coupling model are taken into account.
We further study whether the situation is still the same even
if we take into account the coupling to higher levels. We
show in Fig. 7 the results when the coupling up to the 6+
member of the ground state rotational band in the rotational
coupling model and the coupling up to the three phonon states
in the vibrational coupling model are taken into account by the
dashed and dotted lines, respectively. The solid lines are the
same as those in Fig. 6. Figure 7(b) shows that the agreement
between the experimental fusion barrier distribution, i.e., the
fusion barrier distribution predicted by Eq. (11), and that
obtained by pure either vibrational or rotational models is
not improved, or rather gets worse when the higher excited
states are included. We have confirmed that the situation does
not change even when the coupling up to the 8+ state is taken
into account in the rotational coupling model. These studies
suggest that it is hard to assign a particular shape, neither
spherical nor deformed, to 72Ge, as has been claimed to be
a shape-admixed state from the data of Coulomb excitation.
In this connection, it will be interesting to experimentally
determine the fusion barrier distribution, and to confirm
whether it resembles in reality the solid line in Figs. 5 through
7. This will shed a further light on the shape admixture
of 72Ge in addition to the experiments of the Coulomb
excitation.
IV. CONCLUSIONS
We have discussed whether the coupled-channels analysis
of the fusion reaction of the 74Ge + 74Ge and 72Ge + 72Ge
systems can probe the characteristic properties of the structure
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of 72,74Ge nuclei suggested by the experiments of Coulomb
excitation. The present calculations clearly show that the
fusion barrier distribution analysis can be used to probe the
structure of these nuclei.
We have shown that the fusion barrier distribution for the
74Ge + 74Ge reactions calculated by assuming the coupling
matrix given by the Coulomb excitation experiments notice-
ably differs from that obtained with the rotational model, but
agrees in a much better way with the results of the vibrational
coupling model. In that sense, 74Ge is more likely to be a
spherical nucleus than a deformed nucleus. This finding agrees
with the result of previous analysis of the fusion reactions for
16O,27Al + 74Ge [16] and 74Ge + 74Ge [17,18] systems. It will
be interesting if high precision experiments can be performed
to measure the fusion cross section and if the fusion barrier
distribution is extracted in order to compare with the results
predicted by the data of Coulomb excitation. Precise new data
are highly desirable, since the previous data [15,29] have a
large uncertainties which make it difficult to extract the fusion
barrier distribution.
From the analyses of the 72Ge + 72Ge fusion reactions,
we have shown that the fusion excitation function and the
fusion barrier distribution obtained by assuming the coupling
matrix suggested by the experiments of Coulomb excitation
significantly differ from those obtained in either pure rotational
or vibrational models. The experimental coupling matrix, i.e.,
Eq. (11), is based on the point of view that the 72Ge has a
shape admixture in its ground state, in contrast to the analyses
of the 16O,27Al + 72Ge reactions [16], which favor a prolately
deformed shape for 72Ge and the associated rotational coupling
scheme for the coupled-channels calculations. In this connec-
tion, we wish to mention that the analysis of 16O,27Al + 72Ge
reactions in Ref. [16] suggested a significantly smaller radius
for the 72Ge nucleus than that predicted from a smooth A1/3
interpolation among different Ge isotopes, which we assumed
in this paper. Also the χ2 value is much larger for this isotope
than that for the other isotopes, especially for the 16O + 72Ge
fusion reactions. Furthermore, the χ2 values for the rotational
and the vibrational models do not differ so much. These
might be the indications of the shape admixed property of
this nucleus. Likewise for the 74Ge + 74Ge reactions, it will
be very interesting to experimentally determine the fusion
barrier distribution for the 72Ge + 72Ge as well as other 72Ge
based reactions. It will certainly shed light on the shape
properties of the 72Ge nucleus in addition to the experiments
of the Coulomb excitation. Also, it is highly desirable to have
experimental data for the missing elements in the matrix in
Eq. (11), and also for the coupling of 2+1 state to the 2
+
2 and
4+1 states and the quadrupole moment of the 4
+
1 state. They
will enable us to perform the coupled-channels calculations
with less ambiguity. To the contrary, if the data of the fusion
barrier distribution are available, they will provide us with the
information on these missing coupling matrices.
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